
BME 315/253    HW#4 Solution   Spring 2008 
 
 
1.   
(a). Applying D’Alembert’s law gives the following two equations. 

 
Substituting the parameter values into the previous equations and taking the Laplace 
transform yields:  
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Solving for X2 from the second equation and F from the first equation gives, 
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Substituting X2  into the second equation yields 
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 (b). 
 
 
 

 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 
 

 

Frequency (rad/sec)

P
h

a
s
e

 (
d

e
g
);

 M
a

g
n
it
u

d
e

 (
d

B
)

Bode Diagrams

-40

-30

-20

-10

0

10
-1

10
0

10
1

-150

-100

-50

 



2. 
(a). Applying D’Alembert’s law gives the following two equations. 

 
 
 

Assume that the force f is applied at time 0 and the system is at steady state before this.  Initial 
conditions for x1 and x2 are found by setting the derivative terms to 0 and f = 0.  Thus: 
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Or  at time  0, 
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3.   
(a). Assume that: 

Applying D’Alembert’s laws gives: 

 
 

(b).  Since there are four energy-storing elements, let the state variables be q, w, x1, v1. 
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4. 
Replace the nonlinear function with a Taylor series 1st order approximation about the 
operating point, x , the point of equilibrium. 
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Depending on where the operating point is located, 
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Let Ĕx x x= -.  Therefore, 
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For example: 
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and 
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5. 
From the Bode diagram, it is clear that there is a peaking of the magnitude response between 1 
and 10 rad/s, specifically 2.49 db at 7.3 rad/s.  This is indicative of a pair of complex poles.  In 
the vicinity of 1 to 100, the phase angle moves from 0 and asymptotically approaches -180 
degrees.  This further supports a pair of complex poles.  Further, there does not appear to be 
any other poles or zeros necessary in modeling the system.  For low frequencies below 1 rad/s, 
the magnitude is 2.01, indicating a gain in the transfer function.  Expressing the gain in db 
gives: 
 
 6.02 20log 2.0;K K= @  

 
Summarizing at this time, the model contains a gain of 2.0 and a pair of complex poles, and is 
of the form: 
 
 

 ( )
2

2.0

2
1 r

nr nr

G j

j
j

w

z w
w

w w

=
å õå õ å õ
æ ö+ +æ ö æ ö
æ öç ÷ ç ÷ç ÷

 

 
 

with the poles located  at 2
1  orr np nr rjz w w z- ° -  

 
 

20 log ( )
2

2
20log 20log 1 r

nr nr

j
G j K j

z w
w w

w w

å õ å õ
= - + +æ ö æ ö

ç ÷ ç ÷
 

 
Subtracting the gain from G  in db yields a peak magnitude for the complex poles of 1.9 db at 

7.3 rad/s.  From the magnitude plot in Fig 7.35, rz  lies between 0.4 and 0.5. 

 
It can be shown that the maximum value of the frequency response for 0.707 isrz<  
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which gives 0.45 and rz=  
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12-38 
From the Bode diagram, there do not appear to be any complex poles or zeros since there is no 
peaking of the magnitude response.  From the ever-decreasing phase vs. frequency, it appears 
that there is a time delay 
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a function which decreases with  frequency in the phase plot. 
 
The gain remains at 6.02 until the break frequency is reached.  The element responsible for this 
is a constant, 
 
 20log 6.02 20logG K= =  

 
   K =2 
 
After the break frequency, (between 1 to 10 rad/s), the slope is -20 db/decade which indicates 
a single pole.  Therefore the transfer function has the form: 
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At the break frequency t, 
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From the gain plot, 10rad/stº  

 

At the break frequency, the phase angle should be -45 .̄   It measures -74 ,̄ which further 
supports a time delay.  To estimate the delay, 
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The complete model is: 
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6. 
Use the following equation to find z. 
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Take the natural logarithm of both sides, yielding: 
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Squaring gives: 
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