BME 315/253 HW#4 Solution Spring 2008

(a). Applying D Alembert’”s | aw gives the foll ow
B(% - X,) +Ki(X - %) = M, +BX, +K,X,

F=M3" Bix; "Bi(x X3y) Kifx; X,)

Substituting the parameter values into the previous equations and taking the Laplace
transform yields:

f=2%"2x " % % F-283¢ 2X+X 8% -X
Sty D6 I 2% SK X S% 3% 2 X+
Solving for X, from the second equation and F from the first equation gives,

Xi(s+1) X

X2 = (£ +3s ®) (s+2)

F=X,28 €8s B X%(s 1)



Substituting X, into the second equation yields

(b).

F=X,28% ®s B
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D’ Alembert’'s | aw gives the foll ow

2.
(a). Applying

K- %) =Mo%" Byx, " Kex

Mg+ f = MK +K(X- %)
Assume that the force f is applied at time 0 and the system is at steady state before this. Initial

conditions for x; and X are found by setting the derivative terms to 0 and f = 0. Thus:

Mg = Ki(3 -X%)
K (% - %) =KX,

Or attime O,

X, —MKlg &:81m
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(a). Assume that:
d "> %] wh disgthe length of 4 =L
| b>|X1|W ere Sq e eng Or arc an 130
Applying D" Alembert’s | aws gives:

Mg =M "B x "K(x d-§

=398 gk BK(% )

(b). Since there are four energy-storing elements, let the state variables be g, w, x;, ;.
g
%
. 1
w=S[RK(x -d)g - & M]

v
Vi

\'/'ﬁi[Mg 2By K(x d-§
M

4.
Replace the nonlinear function with a Taylor series 1t order approximation about the
operating point, X, the point of equilibrium.

where ﬂ _df (X)
dx  dx

Depending on where the operating point is located,

df e2x x20q __
o i 2%
dx i-2X X <Oy

Let = x -x. Therefore,



and

From the Bode diagram, it is clear that there is a peaking of the magnitude response between 1
and 10 rad/s, specifically 2.49 db at 7.3 rad/s. This is indicative of a pair of complex poles. In
the vicinity of 1 to 100, the phase angle moves from 0 and asymptotically approaches -180
degrees. This further supports a pair of complex poles. Further, there does not appear to be
any other poles or zeros necessary in modeling the system. For low frequencies below 1 rad/s,
the magnitude is 2.01, indicating a gain in the transfer function. Expressing the gain in db
gives:

7

6.02= 20logK

K| @u

Summarizing at this time, the model contains a gain of 2.0 and a pair of complex poles, and is
of the form:

. 2.0
G =
(1) & a7, 5 B
Biget v+
2 i = §

with the poles located at -z, y °j ,@1 - Zzor

. « .2
20 log|G( jw)| = 20log|K| -20l0 1‘3432i fw A%
¢lor = 1§

Subtracting the gain from |G| in db yields a peak magnitude for the complex poles of 1.9 db at
7.3 rad/s. From the magnitude plot in Fig 7.35, z, lies between 0.4 and 0.5.

It can be shown that the maximum value of the frequency response for z, <0.707is

M o =[G (1) =——=

2z, \/1- Z



G(w )| =104 2245 =1
2z.\1- 2

which gives z, =0.45and
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12-38
From the Bode diagram, there do not appear to be any complex poles or zeros since there is no
peaking of the magnitude response. From the ever-decreasing phase vs. frequency, it appears
that there is a time delay

e 1ty

a function which decreases with frequency in the phase plot.

The gain remains at 6.02 until the break frequency is reached. The element responsible for this
is a constant,

20log|G| = 6.02 =20l0gK
K=2

After the break frequency, (between 1 to 10 rad/s), the slope is -20 db/decade which indicates
a single pole. Therefore the transfer function has the form:

At the break frequency ¢,

20logG| = 20logk -20logj 1 jt 200k
=6.02 -3 3.0:

From the gain plot, 7 © 10rad/s

At the break frequency, the phase angle should be -45 . It measures -74 , which further
supports a time delay. To estimate the delay,

gy 220 0 13573 20
p
t, © 0.05

The complete model is:
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6.
Use the following equation to find .

P

ayl-z2

-Z

a
x(Tp) = cz +e
¢

o -zp

a - 2
10.1= 1621 ¢ =7
&

-z

101=1 Je\lj
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-zp
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0.01= eﬁ

Take the natural logarithm of both sides, yielding:

zp
1- 22

4.605=

Squaring gives:

_ 7%9.8696
21.2_—(1_ Zz)

22

2.048= 5
1- 2z

2.048 2.048%2 =2

2.048= 3.048°

0.6719=22

z =0.8197
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